In this paper, we introduce the space of lacunary strongly m (p) -summable sequences of fuzzy numbers and discuss relations between m -statistically convergent sequences and lacunary m -statistically convergent sequences of fuzzy numbers. We also study inclusion relations using different arbitrary lacunary sequences. MSC: 40A05; 40C05; 46A45
Introduction
The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh [] , and subsequently several authors have discussed various aspects of the theory and applications of fuzzy sets such as topological spaces, similarity relations and fuzzy orderings, fuzzy mathematical programming etc. Later on, various types of sequence spaces of fuzzy numbers have been constructed by several authors such as Matloka L(R) denotes the set of all upper semi-continuous, normal, convex fuzzy numbers such that [X] α = {t ∈ R : X(t) > } is compact, where {t ∈ R : X(t) > } denotes the closure of the set {t ∈ R : X(t) > } in the usual topology of R.
Definition . The set L(R) forms a linear space under addition and scalar multiplication in terms of α-level sets as defined below:
where X α is given as
For each α ∈ [, ], the set X α is a closed, bounded and nonempty interval of R.
Let D denote the set of all closed and bounded intervals A = [a  , a  ] on the real line R.
) is a complete metric space where the metric d is defined as
It is easy to verify that
is a metric on L(R).
Definition . Let X = (X k ) be a sequence of fuzzy numbers. Then the sequence X = (X k ) is said to be m -convergent to the fuzzy number X  , denoted as lim k→∞ m X k = X  , if for
Definition . The sequence X = ((X k ) ∞ k= ) of fuzzy numbers is said to be m -statistically convergent to the fuzzy number ξ if for every ε > ,
In this case, we write X k → ξ (S F ( m )) and S F ( m ) denotes the set of all m -statistically convergent sequences of fuzzy numbers. By a lacunary sequence we mean an increasing sequence of integers θ = (k r ) such that k  =  and h r = k r -k r- → ∞ as r → ∞. Throughout this paper, the intervals determined by θ will be denoted by I r = (k r- , k r ] and q r = k r k r- . http://www.journalofinequalitiesandapplications.com/content/2013/1/559 Definition . Let θ be a lacunary sequence. A lacunary refinement of θ = (k r ) is a lacunary sequence θ = (k r ) satisfying {k r } ⊆ {k r }.
Definition . The sequence X = (X k ) of fuzzy numbers is said to be lacunary mstatistically convergent to the fuzzy number ξ if for every ε > ,
In this case, we write X k → ξ (S 
Lemma . (Mursaleen and Basarır
where C = max(,  H- ), H = sup p k and λ is any complex number.
Main results
Now, we introduce the space N 
where θ = (k r ) is a lacunary sequence, f is any modulus function and p = (p k ) is any sequence of strictly positive real numbers. http://www.journalofinequalitiesandapplications.com/content/2013/1/559
Now we define a lacunary strongly m p -summable sequence of fuzzy numbers as follows. The sequence X = (X k ) is said to be lacunary strongly
In this case, we write 
Thus, the study of the sequence space N 
Proof It is easy to verify that h gives a metric on
This means that
as well as
Since f is a modulus function, so equation
Similarly, as f is a modulus function, so by choosing suitable
Keeping u fixed and letting v → ∞ in equation (.) and equation (.), we get
Next we show that the limit point X ∈ N F θ ( m (p) , f ), for which the proof is as follows. 
Now using the fact that the modulus function is monotone and for a suitable choice of 
(
ii) If f is a bounded modulus function and
Proof Easy, so omitted.
Theorem . Let θ = (k r ) be a lacunary sequence, and let X = (X k ) be a sequence of fuzzy numbers. Then: 
Proof (i) Assume that lim inf r q r > . Then there exists δ >  such that q r ≥  + δ for sufficiently large r.
Since h r = k r -k r- , we have
Since θ is a lacunary sequence, we can select a subsequence (k r(j) ) of θ satisfying Now we prove that the sequence X for which m X k , which is defined as above, is strongly m -summable but not lacunary strongly m -summable. Since
, but if n is sufficiently large integer and j is the unique
, which leads to a contradiction. Therefore it proves that lim inf q r > .
(ii) (Sufficiency) Suppose lim sup r q r < ∞. Then there exists a constant A >  such that
Let ε > . Then we can find R >  and K >  such that
Then if n is any integer with k r- < n ≤ k r , where r > R, then we can write
Since θ is any lacunary sequence, we can select a subsequence (k r(j) ) of θ satisfying q r(j) > j and define a bounded difference sequence X = (X k ) by
Let ε >  be given. Then we have if r = r(j), then
For the above sequence and for k = , , . . . , k r(j) ,
and for k = , , . . . , k r(j)- ,
It proves that X = (X k ) / ∈ (W F ( m , f )) and hence the result follows immediately.
Theorem . Let θ = (k r ) be a lacunary sequence and X = (X k ) be a sequence of fuzzy numbers. Then: http://www.journalofinequalitiesandapplications.com/content/2013/1/559 Proof The proof can be established following the technique used in Theorem ..
is a lacunary refinement of θ = (k r ) and 
) and for every J j , we can find I i such that J j ⊆ I i , then we have 
Proof Let α = β ∪ θ . Then α is a lacunary refinement of both the lacunary sequences β and θ . The interval sequence of α is
, and for every I i,j , we can find I i such that I ij ⊆ I i and
Since α is a lacunary refinement of β, so by Theorem . it follows that 
